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Abstract
By proving some geometric identities related to the Ricci forms and the mean curvatures for line
bundles, we establish an Aubin–Lichnerowicz’s estimate for the spectral gap of the square Laplacian
acting on sections of a line bundle, and a domination inequality for the heat semigroup generated by
the square Laplacian.
 2003 Elsevier SAS. All rights reserved.
1. Introduction
If (M,g) is a compact manifold (with a convex boundary) of dimension n with the
Ricci curvature bounded below by a constant R > 0, then Lichnerowicz’s estimate for
the spectral gap λ1(M) reads as λ1(M)  nR/(n − 1), which is optimal in the catalog
of closed manifolds. However, if in addition M is Kähler, T. Aubin [1] has shown that
Lichnerowicz’s estimate may be improved, and indeed he has proved that the spectral gap
λ1(M) 2R if (M,g) is Kähler and the Ricci curvature is bounded below by R. Aubin’s
estimate plays an important role in the study of the existence of Kähler–Einstein metrics
for Kähler manifolds with positive Chern class, see for example [2].
In this note we extend Aubin’s estimate and the domination inequality for heat
semigroups to line bundles by proving several geometric identities which we find
interesting by their own.
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48 Z. Qian / Bull. Sci. math. 128 (2004) 47–56Let (M,gij¯ ) be a Kähler manifold of complex dimension n with a Kähler form
Φ =√−1
n∑
i,j
gij¯ dz
i ∧ dz¯j , (1)
and let π :E → M be a holomorphic line bundle over M endowed with a Hermitian
structure h. The usual partial exterior derivative ∂¯ may be extended to act on sections of any
holomorphic bundles. Let D =D′ +D′′ denote the decomposition of the Chern connection
D for the Hermitian bundle (E,h) into type (1,0)-part and (0,1)-part [5,6], where D′′
coincides with ∂¯ for holomorphic bundles. Let ω denote the connection 1-form of D. In
terms of a local complex coordinate system (z1, . . . , zn) in M and a local holomorphic
frame s of E we may write the connection 1-form ω = ω(∂i) dzi , where ∂i denotes ∂/∂zi
and ω(∂i)= ∂∂zi logh(s, s), where h(s, s) is the Hermitian inner product of the section s.
The Hermitian inner product of two sections ϕ and ψ may be also denoted by 〈ϕ,ψ〉
for simplicity. The curvature tensor F associated with the Hermitian line bundle (E,h)
coincides with the Ricci form of (E,h), and is given by
Fij¯ =−
∂2 logh(s, s)
∂zi∂z¯j
. (2)
Recall that the mean curvature (transformation) is defined by K =∑i,j gij¯ Fij¯ , which is
an automorphism of Γ (E) (where Γ (E) is the space of all smooth sections of E). By
definition Kϕ = (∑i,j gij¯ Fij¯ )ϕ.
We will use the notations established in [6], except for the exterior derivative d = ∂ + ∂¯
acting on the scalar differential foms. The Hodge–Kodaira Laplacian (i.e., the square
Laplacian) is defined by
=D′′ ◦ δ′′ + δ′′ ◦D′′,
where δ′′ = − ∗D′∗ is the Hodge dual operator of D′′, so that∫
M
〈D′′ϕ1,D′′ϕ2〉 =
∫
M
〈ϕ1, ϕ2〉,
∫
M
〈D′ϕ1,D′ϕ2〉dµ=
∫
M
〈
(+K)ϕ1, ϕ2
〉
and ∫
M
〈Dϕ1,Dϕ2〉dµ=
∫
M
〈
(2+K)ϕ1, ϕ2
〉
dµ
for ϕ1, ϕ2 ∈ Γc(E) (set of all smooth sections with compact support).
Let  denote the complex Laplacian on the Kähler manifold (M,gij¯ ), namely
 =−
∑
i,j
gij¯
∂2
∂zi∂z¯j
,
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(respectively −). That is Ht = e−t and Pt = e−t.
For a line bundleE over a compact Kähler manifold, we may always choose a Hermitian
structure h on E, such that the mean curvature K is constant (see for example [6]).
2. Ricci form and the mean curvature
In this section we deduce several geometric identities related to the Ricci form Rij¯ of
the Kähler manifold (M,gij¯ ), the Ricci form Fij¯ of the Hermitian line bundle (E,h), and
the mean curvature K of E, which we believe useful in relating the spectrum property of
the square Laplacian , see [4].
In addition to notations we have set up in the previous section, denote by Rij¯ and Rijkl¯
the Ricci form and the curvature tensor of the Kähler manifold (M,gij¯ ), respectively.
In computations below, (z1, . . . , zn) is a (normal) local complex coordinate system,
and s is a local holomorphic frame field of E. If f is a (complex-valued) function on M ,
then fi denotes the partial derivative ∂f∂zi , and fij¯ k denote the mixed coordinate derivatives
∂3f
∂zi∂z¯j ∂zk
etc. In particular we may exchange order of taking (coordinate) partial derivatives.
Let ϕ be a smooth section of the line bundle E. In terms of the holomorphic frame s of
E, we may write ϕ = ξs (where ξ is a smooth function locally defined on M). Then we
will write
DiDj¯Dkϕ = (∇i∇j¯∇kξ)s
etc., the covariant derivatives of the section ϕ. Under this convention we have
∇i ξ = ξi + ξω(∂i ), ∇j¯ ξ = ξj¯ , (3)
∇j∇iξ = ∂j (∇i ξ)+ (∇i ξ)ω(∂j )− (∇aξ)θai (∂j ), (4)
∇l¯∇j¯ ξ = ∂l¯(∇j¯ ξ )− θbj (∂l)(∇b¯ξ ), (5)
and
∇i∇j¯ ξ = ∂i(∇j¯ ξ )+ω(∂i)(∇j¯ ξ ), ∇j¯∇iξ = ∂j¯ (∇i ξ), (6)
where (θ ij ) is the connection 1-form of the Kähler manifold (M,gij¯ ). In particular
∇k∇j¯ ξ =∇j¯∇kξ + Fkj¯ ξ. (7)
It follows that ϕ = (ξ)s where
ξ =−gij¯ (ξij¯ + ξj¯ω(∂i))
and
tr(D′′D′ϕ)=−ϕ−Kϕ, tr(D′D′′ϕ)=−ϕ,
which are the Weitzenböck formulae for the line bundle E. In particular we have
|D′′D′ϕ|2  1 |ϕ +Kϕ|2 and |D′D′′ϕ|2  1 |ϕ|2. (8)
n n
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|D′′D′′ϕ|2 = gkl¯gij¯ 〈Dl¯Dj¯ϕ,Dk¯Dı¯ϕ〉
and
|D′D′′ϕ|2 = gkl¯gij¯ 〈DkDj¯ϕ,DlDı¯ϕ〉
= gkl¯gij¯ 〈Dj¯Dkϕ + Fkj¯ϕ,Dı¯Dlϕ + Flı¯ϕ〉.
2.1. Curvature operators of the square Laplacian
The following may be verified via a straightforward computation.
Lemma 1. Let (E,h) be a line bundle with constant mean curvature K , and let ϕ be a
smooth section of E. Then
− |ϕ|2 = 〈−ϕ,ϕ〉 + 〈ϕ,−ϕ〉 −K|ϕ|2 + |Dϕ|2. (9)
The presence of the mean curvature K in Eq. (9) reflects the fact that E may be not
flat. The above lemma suggests that the natural scalar differential operator we should use
is L =  −K , and the square field operation Γ associated with the square Laplacian is
thus defined by
Γ (ϕ,ϕ)=−L|ϕ|2 + 〈ϕ,ϕ〉 + 〈ϕ,ϕ〉.
Eq. (9) shows that Γ (ϕ,ϕ)= |Dϕ|2 if the mean curvature K of the line bundle is constant.
By iteration, according to Bakry–Emery [3], define the curvature operator Γ2 associated
with  by
Γ2(ϕ,ϕ)=−L|Dϕ|2 + 〈Dϕ,Dϕ〉 + 〈Dϕ,Dϕ〉.
In order to take into account of the complex structure, we may also introduce the following
two curvature operators Γ ′2 and Γ ′′2 :
Γ ′2(ϕ,ϕ)=−L|D′ϕ|2 + 〈D′ϕ,D′ϕ〉 + 〈D′ϕ,D′ϕ〉
and
Γ ′′2 (ϕ,ϕ)=−L|D′′ϕ|2 + 〈D′′ϕ,D′′ϕ〉 + 〈D′′ϕ,D′′ϕ〉.
Then clearly
Γ2(ϕ,ϕ)= Γ ′2(ϕ,ϕ)+Γ ′′2 (ϕ,ϕ).
Remark 2. If ϕ is a holomorphic section, then Γ ′′2 (ϕ,ϕ)= 0 and Γ ′2(ϕ,ϕ)=−L|D′ϕ|2.
Theorem 3. Let (E,h) be a Hermitian line bundle with mean curvature K . Let Fij¯ and
Rij¯ denote the Ricci forms of (E,h) and (M,gij¯ ) respectively. Then
Γ ′′2 (ϕ,ϕ)= |D′′D′′ϕ|2 + |D′D′′ϕ|2 + (Rkj¯ + 2Fkj¯ )〈Dj¯ϕ,Dk¯ϕ〉, (10)
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constant, then we also have
Γ ′2(ϕ,ϕ)= |D′′D′ϕ|2 + |D′D′ϕ|2 + (Rkj¯ − 2Fkj¯ )〈Dkϕ,Djϕ〉. (11)
Proof. First prove identity (10). By Eq. (3) ∇l¯ (ξ) = ∂l¯(ξ), and by Eq. (6) one may
deduce that
∇i∇j¯∇l¯ ξ = ξij¯ l¯ +ω(∂i)ξj¯ l¯ +Rblj ı¯ξb¯.
Therefore
gij¯∇i∇j¯∇l¯ ξ =−∇l¯ (ξ)+ gij¯ (Ril¯ + Fil¯ )∇j¯ ξ
hence
tr
〈
D′D′′(D′′ϕ),D′′ϕ
〉=−〈D′′ϕ,D′′ϕ〉 + gij¯ gkl¯(Ril¯ + Fil¯ )〈Dj¯ϕ,Dk¯ϕ〉.
Similarly, since ∇j¯∇i∇k¯ξ = ∂l¯(∇i∇k¯ξ ) we have
gij¯∇j¯∇i∇k¯ξ =−∇k¯(ξ)+K(∇k¯ξ )+ gij¯ Fil¯ (∇j¯ ξ ),
and therefore
tr
〈
D′′ϕ,D′′D′(D′′ϕ)
〉=−〈D′′ϕ,D′′ϕ〉 −K|D′′ϕ|2 + gij¯ gkl¯Fil¯〈Dj¯ϕ,Dk¯ϕ〉.
Thus (10) follows immediately.
We next prove identity (11) under condition that K is constant. Recall that
Fij¯ =−
∂2 logh(s, s)
∂zi∂z¯j
.
Let for simplicity F ≡− logh(s, s). Then K = gij¯ Fij¯ is constant, so that
0= ∂kK = gij¯ Fij¯ k = gij¯ Fkj¯ i = gij¯ Fj¯ki = gij¯ Fj¯ ik. (12)
Under a normal complex coordinate (z1, . . . , zn), it can thus be shown that
∇i∇j¯∇kξ = ∂i(∇j¯∇kξ)+ω(∂i)∇j¯∇kξ (13)
and
∇k∇i∇j¯ ξ = ∂k(∇i∇j¯ ξ )+ω(∂k)∇i∇j¯ ξ. (14)
Since D is Hermitian,
∂∂¯|D′ϕ|2 = |D′D′ϕ|2 + |D′′D′ϕ|2
+ 〈D′D′′(D′ϕ),D′ϕ〉+ 〈D′ϕ,D′′D′(D′ϕ)〉. (15)
While −Dk(ϕ)= gij¯DkDiDj¯ ϕ, a direct computation thus shows that
∂i(∇j¯∇kξ)= ∂k(∇i∇j¯ ξ )− ξkj¯ ω(∂i)+ ξij¯ ω(∂k)− (∂iFkj¯ )ξ − Fkj¯ ξi . (16)
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gij¯∇i∇j¯∇kξ =−∇k(ξ)− gij¯ Fkj¯ (∇i ξ).
Therefore
tr
〈
D′D′′(D′ϕ),D′ϕ
〉=−〈D′(ϕ),D′ϕ〉− gij¯ gkl¯Fkj¯ 〈Diϕ,Dlϕ〉.
Similarly, under normal coordinates, we have
∇j¯∇i∇kξ = ξkij¯ +ω(∂k)ξij¯ − Fkj¯ ξi + ξj¯ ∂iω(∂k)+ ξ∂j¯ ∂iω(∂k)+ω(∂i)∂j¯ (∇kξ)
− (∇kξ)Fij¯ + (∇aξ)Rakij¯ ,
hence, using the fact that K is constant again, we may deduce that
gij¯∇j¯∇i∇lξ =−∇l (ξ)−K(∇lξ )+ gab¯(∇aξ)Rlb¯ − gij¯ Flj¯ (∇i ξ)
so that
tr
〈
D′ϕ,D′′D′(D′ϕ)
〉=−〈D′ϕ,D′(ϕ)〉−K|D′ϕ|2
+ gij¯ gkl¯(Ril¯ −Fil¯ )〈Dkϕ,Djϕ〉.
Inserting these formulas into (15) to obtain (11). ✷
Corollary 4. Let (E,h) be a Hermitian line bundle with constant mean curvature K . Then
Γ2(ϕ,ϕ)= |D′′D′′ϕ|2 + |D′D′′ϕ|2 + |D′′D′ϕ|2 + |D′D′ϕ|2
+ (Rkj¯ + 2Fkj¯ )〈Dj¯ϕ,Dk¯ϕ〉 + (Rkj¯ − 2Fkj¯ )〈Dkϕ,Djϕ〉 (17)
for every smooth section ϕ.
2.2. Semigroup domination
Recall that Fij¯ denotes the Ricci form of the line bundle (E,h) and Rij¯ the Ricci
curvature of (M,gij¯ ) respectively.
Proposition 5. If Rij¯ + 2Fij¯ −agij¯ for some constant a, then
|D′′Ptϕ| exp
(
2−1(a +K)t)Ht(|D′′ϕ|),
where (Ht) is the heat semigroup on M with generator the complex Laplacian.
Proof. Let F(s)=Hs |D′′Pt−sϕ|, and for simplicity ψs = Pt−sϕ. Then
F ′(s)=Hs
{
− |D′′Pt−sϕ| + ∂
∂s
|D′′Pt−sϕ|
}
=Hs
{
1
2|D′′ψs |
(
− |D′′ψs |2 + ∂
∂s
|D′′ψs |2 − 2
∣∣∂|D′′ψs |∣∣2
)}
Hs
{
1
2|D′′ψs |
(|DD′′ψs |2 − 2∣∣∂|D′′ψs |∣∣2 − (K + a)|D′′ψs |2)
}
−K + aF(s),
2
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2|∂|D′′ψ||2 for any smooth section ψ . Integrating the two sides of the previous inequality
over [0, t] to obtain the domination inequality. ✷
Similarly, we have
Proposition 6. If Rij¯ − 2Fij¯ −bgij¯ for some constant b, then
|D′Ptϕ| exp
(
2−1(b+K)t)Ht(|D′ϕ|).
Lemma 7. If ϕ ∈ C∞(E) is a smooth section of E, then∣∣〈D′ϕ,ϕ〉∣∣= |ϕ||D′ϕ|, ∣∣〈ϕ,D′′ϕ〉∣∣= |ϕ||D′′ϕ|.
In particular if ϕ is holomorphic, then
∣∣∂|ϕ|∣∣2 = 1
4
|D′ϕ|2 = 1
4
|Dϕ|2.
Proof. Let ϕ = ξs be the local representation of ϕ. Then
〈D′ϕ,ϕ〉 = h(∇i ξ)ξ dzi, h= h(s, s),
and therefore∣∣〈D′ϕ,ϕ〉∣∣2 = gij¯ h2ξ2(∇iξ)(∇j ξ)= |ϕ|2|D′ϕ|2.
Similarly we can show |〈ϕ,D′′ϕ〉| = |ϕ||D′′ϕ|. The last equality follows from that
∂|ϕ|2 = 〈D′ϕ,ϕ〉 + 〈ϕ,D′′ϕ〉 = 〈D′ϕ,ϕ〉
as ϕ is holomorphic. ✷
From the proof, we also have
Corollary 8. Let ϕ ∈C∞(E). Then∣∣∂|ϕ|2∣∣ |ϕ|(|D′ϕ| + |D′′ϕ|), (18)
so that
∣∣∂|ϕ|∣∣2  1
4
(|D′ϕ| + |D′′ϕ|)2  1
2
|Dϕ|2. (19)
As a consequence of the previous lemma and the semigroup domination, we thus have
Corollary 9. Assume that Rij¯ ± 2Fij¯ −bgij¯ for some constant b. Then∣∣d|Ptϕ|∣∣ exp(2−1(b+K)t)Ht(|Dϕ|). (20)
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We are going to use the Kähler condition to deduce another set of analytic identities
about smooth sections.
Let ϕ and ψ be two smooth sections of E, with local representations ϕ = ξs and
ψ = ηs. First consider the quantity 〈D′D′ϕ,D′ψ〉. We begin with the explanation of this
notation. We know that D′ϕ is a smooth section of the vector bundle T ∗M ⊗E:
D′ϕ = (∇i ξ) dzis,
so that D′D′ϕ is a T ∗M⊗E-valued 1-form, and the bracket 〈D′D′ϕ,D′ψ〉 happens at the
level of T ∗M ⊗E. In other words,
〈D′D′ϕ,D′ψ〉 = gij¯ (∇k∇i ξ)(∇j η)hdzk.
The same explanation applies to similar notations.
Theorem 10. Let ϕ and ψ be two smooth sections. Then
(1) we have
〈D′′D′′ϕ,D′′D′′ψ〉Φn = 〈D′′ϕ,D′′ψ〉Φn
− (Rkj¯ +Fkj¯ )〈Dj¯ϕ,Dk¯ψ〉Φn
+ n√−1d{〈D′′D′′ϕ,D′′ψ〉 ∧Φn−1} (21)
and
〈D′D′′ϕ,D′D′′ψ〉Φn = 〈D′′ϕ,D′′ψ〉Φn − Fkj¯ 〈Dj¯ϕ,Dk¯ψ〉Φn
+K〈D′′ϕ,D′′ψ〉Φn
+ n√−1d{〈D′D′′ϕ,D′′ψ〉 ∧Φn−1}; (22)
(2) if in addition the mean curvature K is constant, then
〈D′D′ϕ,D′D′ψ〉Φn = 〈D′ϕ,D′ψ〉Φn − (Rkj¯ − Fkj¯ )〈Dkϕ,Djψ〉Φn
+K〈D′ϕ,D′ψ〉Φn
−√−1nd{〈D′D′ϕ,D′ψ〉 ∧Φn−1} (23)
and
〈D′′D′ϕ,D′′D′ψ〉Φn = 〈D′ϕ,D′ψ〉Φn + Fkj¯ 〈Dkϕ,Djψ〉Φn
− n√−1d{〈D′′D′ϕ,D′ψ〉 ∧Φn−1}. (24)
Proof. For example let us prove identity (23), the proof for others is similar. For simplicity
set
A= n√−1 〈D′D′ϕ,D′ψ〉 ∧Φn−1,
which is a type (n,n− 1) form. Since Φ is closed,
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= n√−1 〈D′′D′(D′ϕ),D′ψ 〉∧Φn−1
+ n√−1 〈D′D′ϕ,D′(D′ψ)〉∧Φn−1 − tr〈D′′D′(D′ϕ),D′ψ 〉Φn
− 〈D′D′ϕ,D′D′ψ〉Φn. (25)
A simple computation however shows that
gkl¯
(
∂l¯(∇k∇iξ)
)=−∇i (ξ)+ gkl¯(Ril¯ − Fil¯ )(∇kξ)−K(∇iξ),
so that
tr
〈
D′′D′(D′ϕ),D′ψ
〉=−〈D′ϕ,D′ψ〉 −K〈D′ϕ,D′ψ〉
+ gij¯ gkl¯(Ril¯ − Fil¯)〈Dkϕ,Djψ〉.
Substituting it into (25) we therefore have
dA= 〈D′ϕ,D′ψ〉Φn − gij¯ gkl¯(Ril¯ − Fil¯ )〈Dkϕ,Djψ〉Φn
+K〈D′ϕ,D′ψ〉Φn − 〈D′D′ϕ,D′D′ψ〉Φn
which shows (23). ✷
If M is compact, we may integrate these identities over M . In particular
Corollary 11. Let (E,h) be a Hermitian line bundle with constant mean curvature over a
compact Kähler manifold (M,gij¯ ). Then for any smooth section ϕ∫
|D′D′′ϕ|2 =
∫
|D′′D′′ϕ|2 +K
∫
|D′′ϕ|2 +
∫
Rkj¯ 〈Dj¯ϕ,Dk¯ϕ〉
and ∫
|D′′D′ϕ|2 =
∫
|D′D′ϕ|2 −K
∫
|D′ϕ|2 +
∫
Rkj¯ 〈Dkϕ,Djϕ〉.
As an application, we have the following extension of Aubin–Lichnerowicz’s estimate
for spectral gaps to line bundles.
Theorem 12. Let (E,h) be a Hermitian line bundle with Ricci form Fij¯ over a compact
Kähler manifold (M,g) with Ricci form Rij¯ . Suppose Rij¯ +Fij¯ R for some constant R,
then the least positive eigenvalue λ1 of the square Laplacian  satisfies λ1 R.
Proof. Let ϕ be an eigenvector corresponding to the least positive eigenvalue λ1. Then
|D′′ϕ| = 0 as otherwise ϕ would be holomorphic. Integrating (21) over the manifold M we
then have∫
M
|D′′D′′ϕ|2Φn =
∫
M
〈D′′ϕ,D′′ϕ〉Φn −
∫
M
gkl¯gij¯ (Rkj¯ + Fkj¯ )〈Dj¯ϕ,Dk¯ψ〉Φn
 λ1
∫
|D′′ϕ|2Φn −R
∫
|D′′ϕ|2ΦnM M
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In the scalar case (i.e., E =M ×C with the usual Hermitian structure h, Fij¯ = 0 and
K = 0, hence under the condition that Rij¯  Rgij¯ ), the above estimate was proved in
T. Aubin [1], which plays an important role in the study of the Calabi conjecture for
manifolds with positive first Chern class. Even in the scalar case, Aubin’s estimate is
a significant improvement of Lichnerowicz’s estimate for spectral gaps. In fact for the
trivial bundle E =M ×C, −2 equals the Laplace–Beltrami operator, and therefore the
spectral gap of (M,g) (as Riemannian manifold) λ1  2R, which is better then the classical
estimate 2n2n−1R. The improvement is due to the Kähler condition.
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